Electron spin relaxation in paramagnetic Ga(Mn)As quantum wells is studied via the fully microscopic kinetic spin Bloch equation approach where all the scatterings, such as the electron-impurity, electron-phonon, electron-electron Coulomb, electron-hole Coulomb, electron-hole exchange (the Bir-Aronov-Pikus mechanism) and the s-d exchange scatterings, are explicitly included. The ElliotYafet mechanism is also incorporated. From this approach, we study the spin relaxation in both n-type and p-type Ga(Mn)As quantum wells. For n-type Ga(Mn)As quantum wells where most Mn ions take the interstitial positions, we find that the spin relaxation is always dominated by the DP mechanism in the metallic region. Interestingly, the Mn concentration dependence of the spin relaxation time is nonmonotonic and exhibits a peak. This is due to the fact that the momentum scattering and the inhomogeneous broadening have different density dependences in the non-degenerate and degenerate regimes. For p-type Ga(Mn)As quantum wells, we find that the Mn concentration dependence of the spin relaxation time is also nonmonotonic and shows a peak. Differently, the cause of this behaviour is that the s-d exchange scattering (or the Bir-Aronov-Pikus) mechanism dominates the spin relaxation in the high Mn concentration regime at low (or high) temperature, whereas the DP mechanism determines the spin relaxation in the low Mn concentration regime. The Elliot-Yafet mechanism also contributes to the spin relaxation at intermediate temperatures. The spin relaxation time due to the DP mechanism increases with increasing Mn concentration due to motional narrowing, whereas those due to the spin-flip mechanisms decrease with it, which thus leads to the formation of the peak. The temperature, photo-excitation density and magnetic field dependences of the spin relaxation time in p-type Ga(Mn)As quantum wells are investigated systematically with the underlying physics revealed. Our results are consistent with the recent experimental findings.
I. INTRODUCTION
Semiconductors doped with magnetic impurities have intrigued much interest since the invention of ferromagnetic III-V semiconductors due to the possibility of integrating both the magnetic (spin) and charge degree of freedom on one chip. 1, 2, 3, 4, 5, 6, 7 Many new device conceptions and functionalities based on these materials are proposed, and the material properties together with the underlying physics are extensively studied. 4, 8, 9, 10, 11, 12, 13, 14, 15, 16 Specifically, ferromagnetic Ga 1−x Mn x As has been used as a highly efficient source to inject spin polarization into GaAs 17 and magnetic tunneling junctions based on ferromagnetic Ga 1−x Mn x As can achieve very high magnetoresistance. 18 Besides, the ability to detect the magnetic moment via Hall measurements 4, 19 and to control it via gate-voltage 20 and laser radiation 21 opens the way for incorporating optoelectronics with magnetism. Magneto-optical measurements, which could characterize the spin splitting of carriers due to both the external magnetic field and the sd or p-d exchange field, provide important information about the microscopic properties of the carriers, such as, the g-factor, the s-d and p-d exchange coupling constants, as well as the electron spin relaxation time (SRT). Such measurements have recently been performed in dilutelydoped paramagnetic Ga(Mn)As quantum wells. 22, 23, 24, 25 Although many properties of Ga(Mn)As have been extensively studied, the electron spin relaxation has not yet been well understood even in dilutely doped paramagnetic phase. This is the aim of this investigation. We focus on (001) Ga(Mn)As quantum wells.
Electron spin relaxation in non-magnetic GaAs has been extensively studied and three main spin relaxation mechanisms have been recorgnized for decades:
26 the D'yakonov-Perel' (DP) mechanism, 27 the Bir-AronovPikus (BAP) mechanism 28 and the Elliot-Yafet (EY) mechanism. 29 Usually, the DP mechanism dominates the spin relaxation in n-type quantum wells. 10, 30 The BAP mechanism was believed to be most important at low temperature in intrinsic and p-type quantum wells for a long time. 10, 26 Recently, Zhou and Wu showed that the BAP mechanism was exaggerated in the low temperature regime in previous treatments based on the elastic scattering approximation, where the Pauli blocking was not considered. 31 It was then found that the BAP mechanism is less efficient than the DP mechanism in intrinsic quantum wells and p-type quantum wells with high photoexcitation density. A similar conclusion was also obtained in bulk GaAs very recently. 32 Previously, the EY mechanism was believed to dominate the spin relaxation in heavily doped samples at low temperature. However, it was shown to be unimportant in bulk GaAs by our recent investigation. 32 Whether this is still true in quantum-well systems remains unchecked. Moreover, in paramagnetic Ga(Mn)As quantum wells, things are more complicated: (i) All the three mechanisms could be important as the material is heavily-doped with Mn and the hole density is generally very high; 22 (ii) An additional spin relaxation mechanism due to the exchange coupling of the electrons and the localized Mn spins (the s-d exchange scattering mechanism) may also be important. 8 In this work, we will compare different spin relaxation mechanisms for various Mn concentrations, temperatures, photo-excitation densities and magnetic fields.
In Ga(Mn)As, the Mn dopants can be either substitutional or interstitial: the substitutional Mn accepts one electron, whereas the interstitial Mn releases two. Direct doping in low-temperature molecular-beam epitaxy growth gives rise to more substitutional Mn ions than interstitial ones, which makes the Ga(Mn)As a ptype semiconductor. 8, 9, 22 Recently, it was found that in GaAs quantum wells near a Ga(Mn)As layer, the Mn dopants can diffuse into the GaAs quantum well, where the Mn ions mainly take the interstitial positions, making the quantum well n-type. 23, 24, 33 The experimental results also show interesting features of the SRT.
We apply the fully microscopic kinetic spin Bloch equation (KSBE) approach 34, 35, 36 to investigate the spin relaxation in paramagnetic Ga(Mn)As quantum wells.
The KSBE approach explicitly includes all relevant scatterings, such as, the electron-impurity, electron-phonon, electron-electron Coulomb, electronhole Coulomb, electron-hole exchange (the BAP mechanism) and s-d exchange scatterings. Previously, the KSBE approach has been applied to study the spin dynamics in semiconductor and its nanostructures where good agreements with experiments have been achieved and many predictions have been confirmed by experiments. 30, 31, 32, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49 In this work, we apply the KSBE approach to both n-and p-type paramagnetic Ga(Mn)As quantum wells to study the electron spin relaxation. We distinguish the dominant spin relaxation mechanisms in different regimes and our results are consistent with the recent experimental findings. This paper is organized as follows: In Sec. II, we set up the model and establish the KSBEs. In Sec. III we present our results and discussions. We conclude in Sec. IV.
II. MODEL AND KSBES
We start our investigation from a paramagnetic [001] grown Ga(Mn)As quantum well of width a in the growth direction (the z-axis). A moderate magnetic field B is applied along the x-axis (the Voigt configuration). It is assumed that the well width is small enough so that only the lowest subband of electron and the lowest two subbands of heavy-hole are relevant for the electron and hole densities in our investigation. The barrier layer is chosen to be Al 0.4 Ga 0.6 As where the barrier heights of electron and hole are 328 and 177 meV respectively. 50 The envelope functions of the relevant subbands are calculated via the finite-well-depth model.
30,31
The KSBEs can be constructed via the nonequilibrium Green function method 51 and read
withρ k representing the single-particle density matrix whose diagonal and off-diagonal elements describe the electron distribution functions and the spin coherence respectively. 34 The coherent term is given by ( ≡ 1 throughout this paper)
in which [ , ] is the commutator. g e is the electron gfactor. h(k) represents the spin-orbit coupling (SOC), which is composed of the Dresselhaus 52 and Rashba
53
terms. In symmetric GaAs quantum well with small well width, the Dresselhaus term is dominant 54 and
represents the average of the operator −(∂/∂z) 2 over the state of the lowest electron subband and γ D = 11.4 eV·Å 3 is the Dresselhaus SOC coefficient. 30 The mean-field contribution of the s-d exchange interaction is given bŷ
where S is the average spin polarization of Mn ions and α is the s-d exchange coupling constant. For simplicity, we assume that the Mn ions are uniformly distributed within and around the Ga(Mn)As quantum well with a bulk density
is the Coulomb Hartree-Fock (HF) term, where I(iq z ) = dz|ξ e (z)| 2 e iqzz is the form factor with ξ e (z) standing for the envelope function of the lowest electron subband.
35
V q,qz is the screened Coulomb potential. In this work, we take into account the screening from both electrons and holes within the random phase approximation.
31
The scattering term ∂ tρk | scat consists of the electronimpurity, electron-electron Coulomb, electron-phonon, electron-hole Coulomb, electron-hole exchange and sd exchange scatterings. The expressions of all these terms except the s-d exchange scattering can be found in Ref. 31 . However, the expression of the electron-impurity scattering term with the EY mechanism included has not been given in that paper, which we will present later in this paper. The s-d exchange scattering term is given by 
Mn −Ŝ 
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In our calculation we take τ Mn = 1 ns. At t = 0, the Mn spin density matrix is chosen to be the equilibrium oneρ 0 Mn . The Mn spins can be dynamically polarized via the s-d exchange interaction, and feedback to the electron spin dynamics. However, we find that this process affects the electron spin dynamics little. Hence, the choice of τ Mn does not affect our discussions on electron spin dynamics.
The s-d exchange scattering τ sd can be obtained analytically. In the absence of an external magnetic field, the spin polarization of the electron system is always along the z-direction. As the s-d exchange interaction conserves the spin polarization of the total system, the spin polarization of Mn ions (which is assumed to be zero initially) can only be along the z-direction. By keeping only the diagonal term ofρ Mn , from the Fermi Golden rule, the spin relaxation time due to the s-d exchange scattering can be obtained directly:
where S = 5/2 is the spin of the Mn ion. It is evident that τ sd is independent of temperature and electron density, but is inverse proportional to Mn concentration N Mn , the square of the s-d exchange coupling α 2 and I s = dz|ξ e (z)| 4 . I s is determined by the confinement of the quantum well. For an infinite-depth-well I s = 3 2a , thus τ sd is proportional to the well width a.
After incorporating the EY mechanism, besides the ordinary spin-conserving term, there are spin-flip terms. For electron-impurity scattering these additional terms are
where n i = N 
∆SO+Eg . E g and ∆ SO are the band-gap and the spin-orbit splitting of the valence band, respectively. 26 The spin-flip matrices are given byΛ
k ′ ,k contribute to the out-of-plane and in-plane spin relaxations, respectively. They are generally different and therefore the spin relaxation due to the EY mechanism in quantum wells is anisotropic. The EY mechanism can be incorporated into other scatterings similarly. 32 However, we find that the EY mechanism can be important only when the impurity density is high, where the electron-impurity scattering is most important. Therefore, for simplicity, we include only the EY spin-flip processes associated with the electron-impurity scattering.
III. RESULTS AND DISCUSSIONS
By solving the KSBEs numerically, we obtain the temporal evolution of the single particle density matrixρ k and then the spin polarization along the z-axis, i.e., s z . From the decay of s z , the SRT is extracted. The initial spin polarization is chosen to be P = 4 %. The well width a = 10 nm. The external magnetic field B is zero unless otherwise specified. We use x to denote the Mn density, where
(Ω is the volume of the unit cell in GaAs). The other material parameters used are listed in Table I .
56,57,58
The value of the s-d exchange coupling in III(Mn)V materials is still in dispute. In bulk Ga(Mn)As, firstprinciple calculation gives the value N 0 α ≈ 0.25 eV.
59
However, the experimental measurements in Ref. 22 show that N 0 α is in the range of [−0.21, −0.07] eV varying with quantum well width. In this paper, we choose N 0 α = −0.15 eV unless otherwise specified.
A. Spin relaxation in n-type Ga(Mn)As quantum wells
In this subsection, we study the electron spin relaxation in n-type Ga(Mn)As quantum wells, where the Mn is the density of electrons from Mn donors and N ex is the photo-excitation density. We choose N ex = 10 10 cm −2 which is usually smaller than N Mn e . The SRTs due to various mechanisms are plotted as function of x in Fig. 1(a) . N 0 α is chosen to be −0.25 eV, which is smaller (i.e., the s-d exchange interaction is stronger) than the value measured by experiments. 22 However, even for such a strong exchange coupling, the spin relaxation due to the s-d exchange scattering mechanism is still much weaker than that due to the DP mechanism. It is further seen from Fig. 1(a) that the BAP and EY mechanisms are also unimportant. Therefore, the SRT is determined by the DP mechanism. Interestingly, the SRT due to the DP mechanism τ DP first increases then decreases with increasing x. The τ -x curve thus has a peak. The underlying physics is that the SRT has different x (density) dependence in the non-degenerate and degenerate regimes. Similar behavior has been found in bulk non-magnetic III-V semiconductors in Ref. 32 very recently. Let us first recall the widely used expression,
... denotes the ensemble average), which is derived within the elastic scattering approximation and is only correct qualitatively. 32 The expression contains two key factors of the DP spin relaxation: (i) the inhomogeneous broadening from the k-dependent spin-orbit field ∼ |h(k)| 2 ; (ii) the momentum scattering time τ p . The SRT due to the DP mechanism increases with increasing momentum scattering but decreases with increasing inhomogeneous broadening. It should be mentioned that for this system, N e ≈ n i /2 = 2xN 0 (Note that the charge number Z of the Mn ion is included in n i as Z 2 . For interstitial Mn, which acts as a double donor, Z = 2.) In the small x (low density) regime, the electron system is in the non-degenerate regime, and the distribution is close to the Boltzmann distribution. Therefore, the inhomogeneous broadening of the k dependent spin-orbit field ∼ |h(k)| 2 changes little with electron density N e (hence x). On the other hand, in the non-degenerate regime the electron-electron scattering increases with increasing electron density 60, 61 (thus x). Moreover, the electron-impurity scattering also increases with increasing x as the impurity density increases. Therefore, τ DP increases with increasing x (motional narrowing). In large x (high density) regime, the electron system is in the degenerate regime, the inhomogeneous broadening changes as k
3 ) if the linear (cubic) term dominates the SOC. On the other hand, the electron-electron scattering decreases with increasing electron density (thus x) in the degenerate regime.
60,61
Besides, the electron-impurity scattering increases slower than N i ∝ x because the scattering cross section decreases as the electron (Fermi) energy increases. Thus for both the linear-and cubic-term dominant cases, τ DP decreases with increasing x in the large x regime. Consequently, τ DP first increases then decreases with increasing x and a peak is formed in the crossover regime where
F is the electron Fermi temperature). It is seen from Fig. 1(a) that for both T = 30 and 200 K cases, the peaks indeed appear at T ∼ T e F . It should be pointed out that the situation here is different from that in Ref. 42 , where the density dependence of the SRT also has a peak in intrinsic quantum wells at room temperature. In that case, the impurity density is rather low and the relevant momentum scatterings are the carriercarrier Coulomb and electron-phonon scatterings. In the situation here, the impurity density is extremely high (n i = 2N e ) and the relevant momentum scattering is the electron-impurity scattering.
We now turn to the situation that the quantum wells are n-doped before Mn-doping. In this case, N e = N + N ex , where N i e denotes the density of the electrons from other dopants which is chosen to be 10 11 cm −2 . We assume that the other dopants are far away from the quantum wells, so that they contribute little to the electron-impurity scattering, corresponding to the genuine case of modulation doping. However, the Mn ions are doped in the quantum wells. 23, 24 The photoexcitation density is N ex = 10 10 cm −2 . The results are plotted in Fig. 1(b) . As the density of the photo-excited holes is much smaller than the electron density, the BAP mechanism is obviously negligible and thus not plotted in the figure. From the figure, it is noted that the EY and sd exchange scattering mechanisms are also insignificant. Consequently, the spin relaxation is still dominated by the DP mechanism. Similar to that in Fig. 1(a) , the SRT due to the DP mechanism τ DP first increases then decreases with increasing x. For the case of T = 200 K, the peak of the SRT is still around T = T e F . However, for the case of T = 30 K, the peak moves to a larger x value compared to that in Fig. 1(a) . This can be understood by noting that the electrons have two sources: the Mn donors and other dopants. For the case of T = 200 K, the crossover of the non-degenerate and degenerate regimes takes place around T ∼ T e F , where the corresponding x is 10 −5 . At such x, electrons are mainly from the Mn ions rather than from other dopants. Thus the situation is the same as that in Fig. 1(a) and the peak appears at T ∼ T e F . However, in the case of T = 30 K, for all x in the figure, T e F is larger than T and the situation is hence different. The τ -x behavior in this case can be understood as follows: For x < 10 −6 , electrons are mainly from the other dopants and N e changes slowly with x, thus the inhomogeneous broadening varies slowly with x. On the other hand, the electron-impurity scattering increases as the impurity density increases n i ≈ 4xN 0 . At low temperature (T < T e F ), the electron-impurity scattering can be important even when n i < N e . 30, 32 Therefore, the momentum scattering increases with x significantly. Consequently, τ DP increases with increasing x. For x > 10 −5 , electrons mainly come from the Mn donors. The scenario becomes the same as that in the case of Fig. 1(a) and the SRT decreases with increasing x as T e F is much larger than T . Consequently, the peak is formed in the range 10 −6 < x < 10 −5 at x = 3 × 10 −6 , which is larger than that in the case of T = 30 K in Fig. 1(a) .
It should be mentioned that our results are consistent with the latest experimental finding that in the low Mn concentration regime the SRT increases with increasing x.
23,24
B. Electron spin relaxation in p-type Ga(Mn)As quantum wells
In this subsection, we discuss the electron spin relaxation in p-type Ga(Mn)As quantum wells. Both substitutional and interstitial Mn ions exist in the system. Each substitutional Mn donates one hole, whereas each interstitial Mn compensates two holes. For simplicity, we assume that all the holes are free. The ratio of the hole density N h to the Mn density N Mn is obtained by fitting the experimental data in Ref. 22 , as shown in Fig. 2 . 
Mn concentration dependence of the SRT
We first study the Mn concentration dependence of the SRT. In Fig. 3 , we plot the SRTs due to various mechanisms and the total SRT as function of the Mn concentration x at T = 5, 50 and 200 K. It is noted that the total SRT first increases and then decreases with increasing x and there is a peak at x ∼ 3 × 10 −5 . Remarkably, the spin relaxation at large x is not dominated by the DP mechanism, but by the s-d exchange scattering (or the BAP) mechanism at low (or high) temperature. At medium temperature, the EY mechanism also contributes for large x. The SRT due to the DP mechanism increases with increasing x, whereas those due to the s-d exchange, EY and BAP mechanisms decrease with increasing x. Consequently a peak is formed. It should be pointed out that the underlying physics here is different from that in the case of n-type Ga(Mn)As quantum well where the peak is solely due to the electron density dependence of the DP spin relaxation. It should be mentioned that the peak position is x ∼ 10 −4 , which is consistent with that observed in Ref. 22 .
Let us now turn to the x dependence of the SRT due to various mechanisms. The increase of τ DP with increasing x is due to the increase of the electron-impurity and electron-hole scatterings (motional narrowing). For the EY mechanism, the SRT decreases as the spin-flip scattering increases with increasing impurity density [see Eq. (7)]. The s-d exchange scattering increases with increasing x as the Mn density increases [see Eq. (5)]. The x dependence of the the BAP spin relaxation is more complicated. To facilitate the understanding, we plot τ BAP from the full calculation and that from the calculations without the Pauli blocking of electrons (holes) in Fig. 4 . It is seen that for x < 10 −6 , τ BAP changes little with x. This is due to the fact that the holes from Mn dopants are much fewer than those from photoexcitation, and hence N h changes little with x. So does τ BAP . For larger x, τ BAP first decreases then increases a little and finally saturates with increasing x at T = 5 K. It is noted that without the Pauli blocking of holes, τ BAP decreases with increasing x rapidly, which indicates that the slowdown of the decrease and the saturation of τ BAP are due to the Pauli blocking of holes. It is further shown that the Pauli blocking of electrons is also important as T From Eq. (5), one can see that the spin relaxation due to the s-d exchange scattering is independent of temperature. However, the spin relaxation due to the BAP mechanism increases with increasing temperature because the Pauli blocking of electrons and holes decreases with increasing temperature. Moreover, the matrix element of the BAP mechanism increases with the center-of-mass momentum of the interacting electron-hole pair, of which the ensemble average hence increases with increasing temperature. 31 The spin relaxation due to the EY mechanism increases with increasing temperature too, as the spin-flip matrices [Λ (1) (7) increase with increasing k. Consequently, the BAP and EY mech- anisms eventually become more efficient than the s-d exchange scattering mechanism at high temperature. The appearance of the peak in the τ -x curve has been observed in a recent experiment at 5 K. 22 However, the SRTs we obtain are much larger than the experimental value under the same conditions. The deviation may come from pretermission of localized holes. At such low temperature (5 K), the localization of holes is not negligible. 26, 62 The localized holes act as exchange interaction centers located randomly in the sample, which thus lead to spin relaxation similar to the s-d exchange scattering mechanism. As there is no Pauli blocking of the localized holes, the spin relaxation can be very efficient. 26 It should be mentioned that, however, recent studies have also shown that there is some compensation of the s-d exchange interaction and the electron-hole exchange interaction as holes are always localized on the Mn acceptors. 63, 64 This leads to a longer spin relaxation time 63 and smaller measured (by magneto-optical techniques) s-d exchange coupling constant 64 . However, for the high temperature case, the localization is marginal and our consideration is close to the genuine case. The predicted τ -x dependence should be tested experimentally.
Temperature dependence of the SRT
We now discuss the temperature dependence of the SRT. In Fig. 5 , we plot the SRT as function of Mn concentration x for different temperatures. It is seen that for each case the τ -x curve shows a peak. It is further noted that the temperature dependences of the SRT are different for small (e.g., x = 10 −7 ) and large x (e.g.,
. To make it more pronounced, we further plot the temperature dependence of the SRT for x = 10 −7 , 3 × 10 −5 and 10 −3 in Fig. 6 . For x = 10 −7 , the SRT first increases then decreases with increasing temperature and there is a peak around 20 K. It is understood that for such a small x, the electrons and holes are mainly from the photo-excitation. For such system, the electronelectron and electron-hole Coulomb scatterings are most important. It is shown in Ref. 30 that the nonmonotonic temperature dependence of the electron-electron Coulomb scattering leads to a peak in the τ -T curve. In the situation here, the electron-hole Coulomb scattering also contributes to the formation of the peak. For the case of x = 3 × 10 −5 , all spin relaxation mechanisms are relevant and the most important momentum scattering is the electron-impurity scattering. In this case the SRT due to the DP mechanism decreases with increasing temperature monotonically as the increase of the inhomogeneous broadening dominates. 30 Moreover, the SRTs due to the EY and BAP mechanisms also decrease with increasing temperature. Consequently, the total SRT decreases with increasing temperature monotonically. For the case of large x (x = 10 −3 ), the spin relaxation is dominated by the s-d exchange scattering (or the BAP) mechanism at low (or high) temperature. As the s-d exchange scattering mechanism is independent of the temperature, the temperature dependence is rather weak in the low temperature regime. As the temperature increases, the EY and BAP mechanisms become more and more important, which leads to a fast decrease of the SRT with temperature. 
Photo-excitation density dependence of the SRT
We now study the photo-excitation density N ex dependence of the spin relaxation. In Fig. 7 the SRT is plotted against the Mn concentration x for three photoexcitation densities at low (5 K) and high (200 K) temperatures. It is noted that the SRT exhibits very different photo-excitation density dependences at low and high temperatures. Moreover, the photo-excitation density dependence varies with x. Let us divide the variation of x into three regimes: the small x (x < 3×10 −6 ) regime where the DP mechanism is dominant; the medium x (3 × 10 −6 < x < 10 −4 ) regime where the DP mechanism is comparable with the other mechanisms; the large x (x > 10 −4 ) regime where the DP mechanism is irrelevant.
In small x regime, the DP mechanism dominates the spin relaxation. The photo-excitation dependence of the DP spin relaxation is different in the degenerate and non-degenerate regimes. Similar to the case of n-type Ga(Mn)As quantum wells (see Sec. IIIA), in degenerate (low temperature) regime, the density dependence of the SRT is dominated by the increase of the inhomogeneous broadening with increasing density, and hence the SRT decreases with increasing density. In non-degenerate (high temperature) regime, the density dependence of the SRT is dominated by the increase of the electron-electron and electron-hole Coulomb scatterings with density, and hence the SRT increases.
In the large x regime, the spin relaxation is mainly due to the EY, BAP and s-d exchange scattering mechanisms. At low temperature, the s-d exchange scattering mechanism is dominant. As τ sd is independent of the electron density, the photo-excitation density dependence of the SRT (which mainly comes from the EY mechanism) is weak. At high temperature, the BAP mechanism dominates. As holes are mainly from the Mn dopants and the electron system is non-degenerate, the SRT also changes little with photo-excitation density.
In the medium x regime, all the four mechanisms contribute to the spin relaxation. As τ sd is independent of the electron density, the density dependence comes from the other three mechanisms. At low temperature, besides the DP mechanism, the BAP mechanism is also important. However, the BAP spin relaxation changes slowly with electron (hole) density as the Pauli blocking is important at low temperature (see Fig. 4 ). The spin relaxation due to the EY mechanism also increases with increasing N ex as the spin-flip matrices [Λ (1) k ′ ,k and Λ (2) k ′ ,k ] in Eq. (7) increase with increasing k. However, the EY mechanism is usually less efficient than the DP mechanism for x < 10 −4 . As the DP spin relaxation increases with increasing photo-excitation density while other relevant mechanisms change slowly or less important than it, the peak moves to larger x with increasing photo-excitation density as indicated in Fig. 7(a) . Moreover, the total SRT decreases with increasing photoexcitation density. At high temperature, as the electron system is non-degenerate, the inhomogeneous broadening changes slowly with N ex . However, the screening increases with increasing N ex as the carrier density increases. Hence the momentum scattering (mainly from the electron-impurity scattering) decreases with increasing N ex . Therefore, the SRT due to the DP mechanism decreases with increasing N ex . The EY mechanism is less important than the DP mechanism in this regime [see Fig. 7(c) ]. Moreover, as the hole system is nondegenerate, the spin relaxation due to the BAP mechanism increases with hole density. Therefore, the SRT also decreases with increasing photo-excitation density.
Effect of magnetic field on the SRT
We now study the effect of magnetic field on the SRT. The magnetic field is applied parallel to the quantum well plane, which is perpendicular to the initial electron spin polarization (the Voigt configuration). In traditional non-magnetic n-type quantum wells, where the electron spin relaxation is dominated by the DP mechanism, the magnetic field in the Voigt configuration has dual effects on spin relaxation: (i) elongating the spin lifetime by a factor of [ 
2 ] (ω L is the Larmor frequency, τ p is the momentum scattering time); 26 (ii) mixing the in-plane and out-of-plane spin relaxations, 35, 65 e.g., 65 Usually, effect (i) is weak, but effect (ii) is more important. Differing from the case of non-magnetic n-type quantum wells, there are several new scenarios in the p-type Ga(Mn)As quantum wells: (i) The magnetic field can polarize the Mn spins, which alters the spin relaxation due to the s-d exchange scattering mechanism.
(ii) The nonequilibrium Mn spin polarization can be induced during the evolution through the s(p)-d exchange interaction with both electrons and holes. It precesses around the magnetic field and produces the Mn beats. This has been studied both experimentally and theoretically in II-VI magnetically doped quantum wells. 66,67 However, we find that the induced nonequilibrium Mn spin polarization is rather small (much smaller than the electron spin polarization) and affects the spin dynamics marginally. This is consistent with the fact that the Mn beats are not observed in p-type Ga(Mn)As quantum wells. 22 (iii) the spin relaxation due to the EY mechanism is also anisotropic because the out-of-plane spin relaxation comes fromΛ
while the in-plane relaxation fromΛ (2) k ′ ,k [see Eq. (7)]. At large x when the EY mechanism is important, this anisotropy may show up.
In Fig. 8 , we plot the SRT as function of the magnetic field with different Mn concentration at T = 5 and 200 K. For the case of small x (x = 10 −6 ), it is seen that the SRT increases abruptly when the magnetic field varies from 0 to 0.2 T and is almost a constant for B = 0.2 to 6 T. This abrupt increase of the SRT originates from the mixing of the out-of-plane and in-plane electron spin relaxations in the presence of magnetic field. For small x, the spin relaxation is dominated by the DP mechanism. For the DP spin relaxation, the in-plane spin relaxation is slower than the out-of-plane one, as only part of the inhomogeneous spin-orbit field h(k) contributes to the inplane spin relaxation. After the magnetic field is applied, the spin relaxation rate becomes
In the situation considered here, it is B 0.005 T (0.02 T) for low (high) temperature case. Therefore, the variation of the SRT with the magnetic field seems abruptly.
For the case of large x (x = 10 −3 ), the relevant spin relaxation mechanisms at high temperature are the BAP, EY and s-d exchange mechanisms. The BAP and s-d exchange mechanisms are isotropic. However, the EY mechanism is anisotropic. Our calculation indicates that theΛ (1) k ′ ,k term is smaller than theΛ (2) k ′ ,k term in Eq. (7) . Hence the in-plane EY spin relaxation is faster than the out-of-plane one. Therefore the SRT decreases with increasing magnetic field abruptly by a small amount at low magnetic field. After the abrupt decrease, the SRT changes little with the magnetic field as the BAP mechanism is almost independent of the magnetic field. At low temperature, the dominant spin relaxation mechanism is the s-d exchange scattering mechanism which is isotropic. Moreover, the contribution of the EY mechanism is even smaller compared to the high temperature case [see Fig. 3(a) and (c)] . Therefore, the magnitude of the abrupt decrease of the SRT at low magnetic field is even smaller than the high temperature case. Let us now turn to the magnetic field dependence of the s-d exchange scattering mechanism. We choose the eigenstates of σ x (denoted as |± ) as the basis [hence s z = − k Imρ k ]. By keeping only the diagonal element of the Mn spin density matrixρ Mn , from Eq. (5) we obtain
As (f k ′ + − f k ′ − ) corresponds to the electron spin polarization along the x-axis which is much smaller than the Mn spin polarization as both the spin and the gfactor of the Mn ions are larger than those of electrons. Therefore, the second term in the right hand side of the above equation is much smaller than the first one. The spin relaxation due to the s-d exchange scattering mechanism increases with increasing magnetic field as S 2 x does. Consequently, after the abrupt decrease of the SRT at low magnetic field, the SRT further decreases with increasing magnetic field due to the enhancement of the s-d exchange scattering. We now turn to the medium x case (x = 10 −4 ). At low temperature, all the mechanisms are relevant [see Fig. 3(a) ]. As the BAP and s-d exchange scattering mechanisms are isotropic, the anisotropy mainly comes from the DP and EY mechanisms. However, as the EY mechanism is less efficient than the DP mechanism, the anisotropy mainly comes from the DP one. Consequently, the SRT first increases abruptly due to the mixing of the in-plane and out-of-plane DP spin relaxations, and then decreases as the s-d exchange scattering increases with increasing magnetic field. At high temperature, the s-d exchange scattering mechanism is negligible. Hence after the abrupt increase, the SRT varies little with the magnetic field.
IV. CONCLUSION
In summary, we have performed a systematic investigation on the spin relaxation in paramagnetic Ga(Mn)As quantum wells from a fully microscopic KSBE approach with all the relevant scatterings explicitly included.
For n-type Ga(Mn)As quantum wells, where most Mn ions take the interstitial positions, 23, 24, 33 we find that the spin relaxation is always dominated by the DP mechanism in the metallic regime. Interestingly, the Mn concentration dependence of the SRT is nonmonotonic and exhibits a peak. This is due to the fact that the momentum scattering and the inhomogeneous broadening have different density dependences in the non-degenerate and degenerate regimes. A similar effect was found in bulk III-V semiconductors very recently. 32 Our results also are consistent with the latest experimental finding that in the low Mn concentration regime the SRT increases with Mn concentration.
23,24
For the p-type Ga(Mn)As quantum wells, we study the SRT for various Mn concentrations, temperatures, photoexcitation densities and magnetic fields. It is found that the SRT first increases then decreases with increasing Mn concentration. The underlying physics is as follows: In the regime of small Mn concentration x, the spin relaxation is dominated by the DP mechanism which decreases with increasing impurity (Mn) density (hence x) due to motional narrowing; In the large x regime, as the Mn and hole densities are very large, the spin-flip scatterings such as the EY mechanism associated with the electron-impurity scattering, the s-d exchange scattering and the electron-hole exchange scattering become more important than the DP spin relaxation. The SRT hence decreases with increasing Mn concentration x and the peak is formed. It is found that the most important spin relaxation mechanism at large x is the s-d exchange scattering (or the BAP) mechanism at low (or high) temperatures. The EY mechanism also contributes to the spin relaxation at intermediate temperature.
We also study the temperature dependence of the spin relaxation. The behavior also depends on the Mn concentration x as the relevant spin relaxation mechanisms are different for different x. In the small x regime, the SRT first increases then decreases with increasing temperature which resembles what was found in n-type quantum wells with low impurity density. 30 In the large x regime, at low temperature the s-d exchange scattering mechanism is dominant, which, however, is independent of the temperature. The temperature dependence is hence very weak. As the temperature increases, the EY and BAP mechanisms become more and more important, which lead to a fast decrease of the SRT with temperature. In the medium x regime, the DP mechanism is also important. As the momentum scattering is dominated by the electron-impurity scattering which changes slowly with temperature, the increase of the inhomogeneous broadening leads to the decrease of the SRT. The SRT due to the BAP and EY mechanisms also decreases with increasing temperature. Consequently, the SRT also decreases monotonically with increasing temperature in the medium x regime.
We then address the photo-excitation density dependence of the SRT. The behavior is different for different temperature and x. At low temperature, as the electron system is in the degenerate regime, the DP mechanism is largely enhanced as the inhomogenous broadening increases. However, the s-d exchange scattering mechanism is independent of the photo-excitation, and the BAP mechanism changes slowly with the photoexcitation density as the hole Pauli blocking is very strong. The EY mechanism is usually less efficient than the DP mechanism. Consequently, the peak in the τ -x curve moves to larger x value. The SRTs in the small and medium x regimes decrease with increasing photo-excitation density as the DP spin relaxation increases. However, the SRT at large x regime changes little as the spin relaxation is dominated by the s-d exchange scattering mechanism. The behavior is quite different at high temperature where the electron system is in the non-degenerate regime. In the small x regime, where the momentum scattering is dominated by the carrier-carrier Coulomb scattering as the impurity density is low. The SRT increases with increasing photoexcitation density as the carrier-carrier Coulomb scattering increases with increasing carrier density. In the medium x regime, where the electron-impurity scattering is dominant. As the screening increases with increasing carrier density, the electron-impurity scattering decreases with increasing photo-excitation density. Hence the SRT due to the DP mechanism decreases with increasing photo-excitation density. The EY mechanism is less important than the DP mechanism in this regime. Moreover, as the BAP mechanism becomes important, the SRT decreases with increasing photo-excitation density as the hole density increases. In the large x regime, the holes mainly come from the Mn dopants and the spin relaxation is dominated by the BAP mechanism, the SRT hence changes little with photo-excitation.
We also discuss the magnetic field dependence of the SRT. We find that the main effect at low magnetic field is the mixture of the in-plane and out-of-plane spin relaxations. The spin relaxation due to the BAP and sd exchange scattering mechanisms is isotropic, whereas that due to the DP and EY mechanism is anisotropic. For the DP mechanism the in-plane spin relaxation is slower than the out-of-plane one, whereas for the EY mechanism, the in-plane one is faster than the out-ofplane one. Therefore, in small and medium x regimes where the DP mechanism is more important than the EY mechanism, the magnetic field induces an abrupt increase of the SRT due to the mixing of the in-plane and out-of-plane spin relaxations. 65 In large x regime, the EY mechanism is more important than the DP mechanism, and the SRT hence decreases abruptly with increasing magnetic field. Another important effect of the magnetic field is that it induces an equilibrium Mn spin polarization and thus enhances the s-d exchange scattering mechanism. Consequently, for large x at low temperature, where the s-d exchange scattering dominates the spin relaxation, the SRT decreases with increasing magnetic field. In other regimes, the s-d exchange scattering mechanism is unimportant and the magnetic field dependence of the SRT after the abrupt jump is also weak. We find that the nonequilibrium spin polarization transfered from the electron system to the Mn system due to the sd exchange interaction is much smaller than the electron spin polarization, which is consistent with the fact that the Mn beats are not observed in experiments. 
